Math Foundations of ML, Fall 2026
Homework #0
Due Tuesday September 1, at 11:59 pm ET

Note: This homework will not be graded, but you are expected to submit solutions in
the format detailed in the syllabus. Don’t worry about complete solutions per se; you will
receive 2/50 points allotted to your HW score as bonus just for a submission that follows
all the instructions.

Objective. To solve some problems in linear algebra, calculus, and probability, and to set
up and use Jupyter notebooks. The problems are deliberately dry with keywords, so that
you can quickly find resources to help fill any gaps in your knowledge. Do not be worried
if you cannot solve some problems; the primary point is to give you the opportunity to go
back and refresh. We will post detailed solutions to these problems after the deadline.

Notation: The notation in this homework mirrors what we will use throughout the course.
Capital boldface letters will be matrices, and small boldface letters will be vectors. Capital
letters (not boldface) will be random variables (and sometimes random vectors), and small
letters will typically be scalars (or functions). Dimensions of matrices and vectors will be
specified when needed, but for the most part, you should be able to intuit these yourself
(and doing this is a useful exercise). The set of real numbers is represented by the set R,
N-dimensional vectors by RY and M x N matrices by RM*N_ The symbol := denotes a
definition; the left-hand-side is defined to be the right-hand-side.

1. Calculus and linear algebra

(a) For a vector w € RV and another vector @ € RY, consider the function

N
f(w) == f(wy,...,wy) =a w:= Zanwn.
n=1

What is the partial derivative of f with respect to w,?

The gradient of a function is the collection of its partial derivatives when viewed
as a vector. What is the gradient V f7

Recall that the gradient is (usually) a function of the w variable, but what do you
observe in this case?

(b) Compute the gradient of the function f(w1,ws,ws) = wiws + wows + wiws.

(c) Suppose we have the linear equation y = Awv, where y and v are vectors and A is
a matrix. Argue that y can be written as a linear combination of the columns of

A.

(d) Given any vector v with real entries, show that v " v is always non-negative. Argue
that v'v = 0 if and only if v = 0 (i.e. v is the vector of all zeros). Note that, to
prove that an event 4 happens if and only if event B happens, you need to show
that A implies B and that B implies A.
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(e) A square and symmetric N x N matrix X is one that satisfies X' = X. In
addition, X is said to be positive semidefinite (PSD) (written X > 0) if, for all
vectors v € RY, we have

N N
v Xv = Z ZXm,nvan > 0.

m=1n=1

Suppose a matrix A can be written as A = B' B for another matrix B (not
necessarily square). Argue that A is square, symmetric, and PSD.

Hint: You may want to try this problem for when B is just a 1 x N vector. For
the general case, think about whether you can express v BT Bv in terms of Bv.

(f) Recall that a square matrix A has (scalar) eigenvalue A\ associated with an eigen-
vector v if Av = Av. To avoid identifiability issues, we also assume that the /o
norm of v is equal to 1, i.e. ||v]2 = /D>, v2 = 1. Compute the eigenvectors and
eigenvalues for the following matrix by hand:

3 1
]
(You can of course check your work in Python.)

(g) Let A be an invertible matrix. Show that if v is an eigenvector of A with eigenvalue
)\, then it is also an eigenvector of A~! with eigenvalue A~'.

2. Probability.

(a) The conditional probability of an event £ given another event F is given by P (€|F) =
P(ENF)/P(F). Use this fact to derive Bayes’ rule:

P (&1F)-P(F)

PFIE) = — 5

which makes sense provided we are not dividing by zero.

(b) Suppose we have two random variables Xand Y taking real values (i.e., in the set
R) and having finite expectations E[X] and E[Y], respectively. Can you write
E[X 4 Y] in terms of expectations of the individual random variables? Can you
write E[XY] in terms of expectations of the individual random variables?

(¢) The variance of a random variable is given by var (X) = E [(X — E[X])?]. Argue
that this is always non-negative. Suppose we have two independent random vari-
ables X and Y with variances 0? and 03, respectively. What is the variance of
X +Y 7?7 What is the variance of X —Y 7 What are these variances if X and Y
are not independent?

(d) Suppose X is a random variable with expectation 0 and variance 1. What are the
expectation and variance of Y = a X + b7
(Here, a and b are fixed real numbers, and your answer will depend on them.)
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(e) Now consider an N-dimensional vector of real-valued random variables (i.e., each
entry of the vector is itself a random variable) Z € RY. Suppose Z has expectation
E[Z] = p (meaning E[Z,] = p, for all n = 1,...,N), and that its covariance
matriz R has entries

R = E[(Zm — pm)(Zn — pin)]

What is the expectation and covariance matrix of W = AZ + b, where A is an
N x N matrix and b is an N-dimensional vector?
Hint: Use the fact that the expectation is linear: E[aX +bY ]| =aE[X]|+bE[Y].

3. Python installation and basic simulation. It is strongly recommended that you use
Jupyter notebooks for your coding assignments. This exercise guides you through an
installation through Anaconda (please do this only if you do not have a working version
of Jupyter already), and asks some basic questions about generating data and plotting.
The latter questions will only make use of the numpy package.

(a) Please install Python using Anaconda if you haven’t already, documentation can
be found here: https://docs.anaconda.com/anaconda/.
Review the following tutorial on using Python through Jupyter notebooks:
https://cs4540-f18.github.io/notes/python-basics.
If you really need to refresh, here is a more elementary tutorial on Python pro-
gramming: https://www.learnpython.org/.

(b) Sample 100 points from a 2-dimensional multivariate Gaussian distribution Normal(0, I),
where I is the 2 x 2 identity matrix. Store these points in a 100 x 2 dimensional
matrix.

(c) Produce a 2-dimensional scatter plot of all the points you just sampled.

(d) Suppose for the moment that you did not know the mean or covariance matrix of
the Gaussian distribution from which the points were sampled. What is a reason-
able estimate of the 2-dimensional mean vector from the data that you sampled?
Compute this estimate and report it. Analogously, what is a reasonable estimate
of the 2 X 2 covariance matrix from the data that you sampled? Compute this
estimate and report it.

(e) Compute the /5 distance between your mean estimate and the true mean (0,0) and
report it.

(f) Intuitively, what do expect will happen to this error if you drew 1000 samples
instead?
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